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Fjellstad’s threat



Fjellstad’s threat Good old Curry

Good old Curry paradox begins from a sentence κ

that is in some way equivalent to T〈κ〉 V ⊥



Fjellstad’s threat Good old Curry

Here we assume a noncontractive solution to this,

one where T〈κ〉 V T〈κ〉 V ⊥ is provable

but T〈κ〉 V ⊥ (and so κ itself) is not.



Fjellstad’s threat McGee goes infinitary

There are also paradoxical threats involving quantifiers.

In a classical setting, we have McGee’s ω-inconsistency result:

Let T0(A) be pAq, let Tn+1(A) be pT(Tn(A))q,

and let µ be equivalent to ∃x(T(Tx(µ)) V ⊥)



Fjellstad’s threat McGee goes infinitary

Skipping details (since we’re not classical today!),

this creates ω-inconsistency from weaker truth principles.



Fjellstad’s threat Fjellstad twists the knife

In “A multiplicative ingredient for ω-inconsistency” (2025),

Fjellstad works a variation against certain noncontractive

theories of arithmetic and truth.

These include theories in the area of Weber (2021)

Paradoxes and Inconsistent Mathematics.

(See also Bacon’s “Curry’s paradox and ω-inconsistency” (2010).)



Fjellstad’s threat Fjellstad twists the knife

Rather than iterating truth, which is transparent,

Fjellstad’s threat works by iterating conjunction.

This is multiplicative/intensional/fusion:

A is very much not the same as A⊗ A,

so iterating matters!



Fjellstad’s threat Fjellstad twists the knife

Let Ȧ0 = pAq and Ȧn+1 = pAq ⊗̇ Ȧn;

note that Ȧ is then a recursive function,

so (presumably) expressible.

Let Ax be T(Ȧx),

and use the expressibility to ensure that x is free

Let C be intersubstitutable with (∀nCn) V ⊥



Fjellstad’s threat Fjellstad twists the knife

Proving C:

∀nCn V ∀nCSn

∀nC V C

∀nC ⊗ ∀nCn V C ⊗ ∀nCn

C V C

C V (∀nCn) V ⊥
C ⊗ (∀nCn) V ⊥

∀nC ⊗ ∀nCn V ⊥
∀n(C ⊗ Cn) V ⊥

∀n(CSn) V ⊥
∀nCn V ⊥
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Fjellstad’s threat Fjellstad twists the knife

Proving ∀nCn by induction:

C V Cn V C ⊗ Cn C

Cn V C ⊗ Cn

Cn V CSn

∀n(Cn V CSn)

We have C0 already, so induction gives ∀nCn.
Trouble!



A logic



A logic Weber (2021)

Weber’s Paradoxes and Inconsistent Mathematics (2021)

gives a complex substructural logic called subDLQ.

It turns out that naive set theory in subDLQ is trivial;

Ripley (forthcoming) tries a related logic, there called subDMQ.

Naive set theory in subDMQ is not known to be trivial;

but for today, we can avoid much of the complexity of these logics.



A logic Weber (2021)

Key methodological point

We are working without a net: no nontriviality proofs.

They’re hard to find and fragile once you have them;

focusing on nontriviality stifles exploration!

Rather, we work to show what is provable,

both desired and undesired.

Fall into triviality? Whoops! Tweak and try again.



A logic BCK

Propositional BCK V,⊗,⊥:

• A V B,A / B

• A V B V A

• (A V B V C) V B V A V C

• (B V C) V (A V B) V A V C

• A V B V A⊗ B

• (A V B V C) V A⊗ B V C

• ⊥ V A



A logic Quantification

First-order principles

• A / ∀xA
• ∀xA V A[x 7→ t]

• ∀x(P V B) V P V ∀xB [x not free in P]

• ∀x(A⊗ B) V ∀xA⊗ ∀xB
• x = x

• x = y V A(x) V A(y)
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A logic Restricted quantification

Let ∀x[A,B] be the restricted

“All x such that A are such that B”.

We define this simply as ∀x(A V B)



A logic Restricted quantification

In subDMQ, where there is also particular quantification ∃,
we can similarly define ∃x[A,B] as ∃x(A⊗ B).



A logic Restricted quantification

Desiderata from “Relevant restricted quantification”

X A(a), ∀x[A(x),B(x)] / B(a)
X ∀xB / ∀x[A,B]
X ∀x(A V B) / ∀x[A,B]
X A(a),B(a) / ∃x[A(x),B(x)]
× ∃xA(x), ∀x[A(x),B(x)] / ∃x[A(x),B(x)]



A logic Arithmetic

Peano arithmetic

Language: 0, S,=,+,×

• ∀x(0 = Sx V ⊥)

• ∀x∀y(Sx = Sy V x = y)

• ∀x(x + 0 = x)

• ∀x∀y(x + Sy = S(x + y))

• ∀x(x × 0 = 0)

• ∀x∀y(x × Sy = (x × y) + x)

• Induction



A logic Truth

We also assume a fully transparent truth predicate T :

no funny business.

This is definable in a naive set theory,

and it violates the spirit of the whole enterprise

to tinker here to block paradox.



Answering Fjellstad



Answering Fjellstad Forms of induction

A straightforward form of induction:

A(0)⊗ ∀x(A(x) V A(Sx)) V ∀xA(x)

But this has two problems.

First, it runs us (together with everything else)

smack into Fjellstad’s argument!



Answering Fjellstad Forms of induction

More interestingly, recall that induction is a principle about numbers.

Although arithmetic is here handled axiomatically,

the goal is to fit it into a naive set-theoretic framework.

But A(0)⊗ ∀x(A(x) V A(Sx)) V ∀xA(x)
is not plausible in such a setting.



Answering Fjellstad Restricting arithmetic

Add a predicate N to pick out the numbers;

let NnA(n) abbreviate ∀n[Nn,A(n)],
which is to say ∀n(Nn V A(n)).



Answering Fjellstad Restricting arithmetic

Restricted Peano axioms:

• N0

• Nx(NSx)

• Nx(0 = Sx V ⊥)

• Nx Ny(Sx = Sy V x = y)

• Nx(x + 0 = x)

• Nx Ny(x + Sy = S(x + y))

• Nx(x × 0 = 0)

• Nx Ny(x × Sy = (x × y) + x)

• A(0)⊗ Nn(A(n) V A(Sn)) V NnA(n)
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Answering Fjellstad Restricting arithmetic

We make the restriction to numbers explicit;

arithmetic quantification is restricted quantification.



Answering Fjellstad Paradox in restricted arithmetic?

This leaves us with two versions of Fjellstad’s argument:

the original, using unrestricted quantification,

and a new one:

where D is intersubstitutable with ( NnDn) V ⊥.



Answering Fjellstad Paradox in restricted arithmetic?
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Answering Fjellstad Paradox in restricted arithmetic?

We should not expect syntactic manipulations to work well

on things that are not numbers.

Standard compositional principles for truth restrict to codes of

sentences already, as in ∀xy(Sent(x⊗̇y) V T(x⊗̇y) V Tx ⊗ Ty)



Answering Fjellstad Paradox in restricted arithmetic?

The highlighted step moves from

∀nCSn to ∀n(C ⊗ Cn);

that is, from ∀n(TĊSn) to ∀n(C ⊗ TĊn).

This should be fine when n is a number;

then ĊSn codes the conjunction of C

with (the sentence coded by) Ċn

Truth distributes over the conjunction and is transparent;

Bob’s your uncle.



Answering Fjellstad Paradox in restricted arithmetic?

If n is not a number, on the other hand,

then it’s not the code of a sentence,

and we don’t expect truth to distribute over ‘the conjunction’;

there’s no conjunction to distribute over!

So this step is not fine unrestrictedly;

the fine thing is ∀n[Nn, CSn] to ∀n[Nn, C ⊗ Cn]

So the unrestricted paradox does not seem threatening;

the heart of the paradox works on numbers only.



Answering Fjellstad Universal quantification and conjunction

The more plausible version involves restricted quantification directly.

This makes explicit the restriction to numbers

that is only implicit in Fjellstad’s presentation.



Answering Fjellstad Universal quantification and conjunction

where D is intersubstitutable with ( NnDn) V ⊥

NnDn V D

NnDn ⊗ NnDn V D⊗ NnDn

D V D

D V ( NnDn)V ⊥
D⊗ ( NnDn) V ⊥

NnD⊗ NnDn V ⊥
Nn(D⊗ Dn) V ⊥

Nn(DSn) V ⊥



Answering Fjellstad Universal quantification and conjunction
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Answering Fjellstad Distribution over conjunction

The indicated move assumes that Nn(D⊗ Dn) V NnD⊗ NnDn;

it’s an instance of Nn(A⊗ B) V NnA⊗ NnB.

Recall that ∀x(A⊗ B) V ∀xA⊗ ∀xB is an axiom;

but Nis not ∀



Answering Fjellstad Distribution over conjunction

Nn(A⊗ B) V NnA⊗ NnB
abbreviates

∀n(Nn V A⊗ B) V ∀n(Nn V A)⊗ ∀n(Nn V B)

There is no good reason to expect this to hold.

Note that (C V A⊗ B) V (C V A)⊗ (C V B)

is no theorem of propositional BCKV,⊗,⊥.



Answering Fjellstad Distribution over conjunction

In this setting, we cannot restrict to numbers by using ∀
while thinking ‘number’.

We must explicitly restrict to numbers in some way;

we have proposed one way.

This might make arithmetic trickier,

but it also makes it more honest.



What about arithmetic?



What about arithmetic? A pileup of restrictions

In fact, though, it doesn’t seem to make arithmetic much trickier.

Let’s take a look.



What about arithmetic? A pileup of restrictions

Proofs of basic arithmetic properties

are pretty formulaic:

A bunch of substitution steps along =,

then an appeal to induction.

Maybe nested a few inductions deep at times.



What about arithmetic? A pileup of restrictions

But every time we appeal to an axiom like

Nx Ny(x + Sy = S(x + y))

to swap x + Sy with S(x + y),

we incur the additional assumptions that x and y are numbers.

We’re noncontractive, so these assumptions can pile up;

we might need to assume that x is a number three times

on the way to induction on it.



What about arithmetic? A pileup of restrictions

But recall that induction is:

A(0)⊗ Nn(A(n) V A(Sn)) V NnA(n):

the induction step only gives us one assumption

of n’s being a number!
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But recall that induction is:
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of n’s being a number!



What about arithmetic? A pileup of restrictions

So there is a threat here:

to apply induction, we need to get away with a single assumption

that the induction variable is a number.

But to do anything complex with it,

we often need to assume that it’s a number multiple times.



What about arithmetic? Collapsing the pileup

Good news! N contracts!

That is, we can prove ∀x(Nx V Nx ⊗ Nx),
which is to say Nx(Nx ⊗ Nx).

Every number is a number and a number.



What about arithmetic? Collapsing the pileup

To show this, we use induction.

First, since N0 is an axiom, N0⊗ N0 is a theorem;

zero is indeed a number and a number.



What about arithmetic? Collapsing the pileup

Second, we need to show that for any number n,

Nn⊗ Nn V NSn⊗ NSn;
successor on numbers preserves being-a-number-and-a-number.

Since Nn V NSn is an axiom,

we get ∀n(Nn V Nn⊗ Nn V NSn⊗ NSn),
which is Nn(Nn⊗ Nn V NSn⊗ NSn), as needed.

(Note the use of weakening!)



What about arithmetic? Collapsing the pileup

So zero is a number and a number,

and successor on numbers preserves being-a-number-and-a-number;

it follows by (object-language) induction that every number

is a number and a number.

And so by (metalanguage) induction,

every number is a number three times, four times,

as many times as you like.



What about arithmetic? Collapsing the pileup

This makes formulaic substitution-induction proofs

smooth and easy:

Substitute as much as you like,

piling up assumptions about what’s a number;

then when it’s time to use induction,

collapse all the assumptions about the induction variable into one.



What about arithmetic? Restoring the paradox?

This does not seem to bring back the paradox.

The reason we can’t prove

(C V A⊗ B) V (C V A)⊗ (C V B)

is that it would require double use of C V A⊗ B.

Adding C V C ⊗ C wouldn’t get us there;

it’s not a matter of not having enough Cs,

but enough C V A⊗ Bs.



What about arithmetic? Restoring the paradox?

So noting that Nn V Nn⊗ Nn
does not threaten to imply

Nn(A⊗ B) V NnA⊗ NnB.

We still have ∀x(A⊗ B) V ∀xA⊗ ∀xB in the base system,

but must avoid its restricted counterpart,

which does not seem to follow.



What about arithmetic? Where does this leave us?

Progress report:

Over subDMQ and the given restricted arithmetic,

we have Isabelle/Pure-verified proofs

of early arithmetic results in Weber (2021, Ch. 6).

No obstacles encountered yet;

none expected



Conclusion

Conclusion



Conclusion

• Fjellstad’s argument threatens noncontractive arithmetics with

induction and transparent truth

• Induction is most plausible when restricted to numbers,

and BCK and its relatives have natural restricted quantification

• This gives ∀x(A⊗ B) V ∀xA⊗ ∀xB
without Nx(A⊗ B) V NxA⊗ NxB, undermining the threat

• Restricted Peano arithmetic proves Nx(Nx ⊗ Nx),
so substitution-induction reasoning still works
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