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(Bounded) DLL:

AE A
AET LA
A NA) A A AV A

AN(BVC)  (ANB)V (AAC)

AF B A C A C B+ C

A+ BAC AvB - C

A+ B B+FC
Ak C
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Dualizing a sequent: swap premise/conclusion, A/, and T/L.
Every axiom has a dual theorem. Every rule has a dual rule.

So every proof has a dual proof: a proof of the dual theorem.



Derived rule:

If A = Band C() is a positive context, then C(A) + C(B).
If C() is negative, then C(B) - C(A).

(Proof: induction on C( ).)
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Normality principles:
NT1: T F —L
N2: =T F L

N: N1 + N2




1024 10 principles 10/ 52

Antidistribution principles:

Al: —AN-B + —(AV B)
A2: —(ANB) F -Av -B
A: A1 + A2
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Double negation principles:
DI:AF ——A
D2: ——AF A
D: D1 + D2
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Minimal ex’ion principles:

X1: AN-A +F —T
X2: —1L F AV -A
X: X1 + X2

Recal: - T + —B,and -B + —_1.
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Full ex’ion principles:
XT1:AN-AF L
xt2: T F AV -A

Xt xt1 + X2
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The 1 principles and 2 principles are dual.
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210 — 1024 specifications.

How many distinct logics?
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1024 to 100
1024 to 256



1024 to 100 1024 to 256 17/ 52

Clearly: x1 + N2 entails x*1.
Clearly: x*1 entails x1.
Less clearly: x™1 entails N2.
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—TFT  —TF-T
“TFTA-T

TA-TFL

Cut: “TF L
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Dually, x*2 entails N1.

No need for X* principles.
Down to 28 = 256.
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1024 to 100
256 to 100



1024 to 100 256 to 100 21/52

Di entails Ni:

NI —

——TF—-L TF-—=T
TF —1



1024 to 100 256 to 100 22/ 52

D/ entails A/

~AF -AV-B
, —CAV-BF ——A
T (CAV-B)r A

—(-Av-B) - AANB

—(AANB) F ——(-AVv -B)

" T _(ANB) F AV _B




1024 to 100 256 to 100 23/ 52

NiAf

/N

N/ Aj
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1024 to 100 256 to 100 24/ 52

This cuts 23 = 8 down to 5.
256 was (8 x 2)2.

We reach (5 x 2)2 = 100.



100 to 63 Remaining entailments 25/ 52

100 to 63

Remaining entailments
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That exhausts one-principle entailments.

Combinations remain.



100 to 63 Remaining entailments 26/ 52

That exhausts one-principle entailments.

Combinations remain.

(Note: no use of distribution yet!)



100 to 63 Remaining entailments 27/ 52

The pair of X principles together entail all others.

So X + N does too. Usual presentation of Boolean algebra.



100 to 63 Remaining entailments 27/ 52

The pair of X principles together entail all others.

So X + N does too. Usual presentation of Boolean algebra.

Of our 100, 15 are classical.
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Full X brings full A.

X2:

—(AAB) - Bv-B
—(AANB) F —(AANB)A(BV —B)
—(AAB) F (-(AANB)AB) VvV (—(AANB)A—B)
—(AANB) F (-(AANB)AB)v -B

Part Il

* T"(ANB) F AV_A
—(AANB)AB F (—(AANB)AB) A (AV —A)
—(ANB)AB = (=(AANB)ABAA)V(—(ANB)ANBA—A)
—(AANB)AB - (—(AANB)ABANA)V —A
—(AANB)AB - —-AV-A
—(ANB)AB + —A
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Fiddling:
Dist:
DRule (Aelim):

Fiddling:

Dist:
DR (AE):
DR (x1, fiddling):

Fiddling:




100 to 63 Remaining entailments 29/ 52

Full X plus N/ brings Di.

Dist:

D Rule (x*1 = X1N2): ——ANAV-A) E (C-ANAV(E —ANCA)

——AANAV-A) F (-—ANA)V L
——ANAV-A) F ——ANA
——ANAV-A) A

1 -drop:

A-elim:



100 to 63 Remaining entailments 30/ 52

Full N plus X/ and A/ brings Di.

Dist:

o AN(-AV——A) F (AAN-A)V(AN—-—A)
Fiddling (DRule, X1, N2):

AN(-AV——A) F ——A

DRule (A2):
M A _(AN-A) F ——A
DRule (x1,N2):
DRule (N1): AN—LF —-A
T-drop: ANT F ——A
' A ——A



100 to 63 Remaining entailments 31/52

Di plus Xi brings Xi.

X2:

. -1 FAV-A
)
DR(NA):
AV A F _T
. AF ——A |
M TANAE CAn——A M AN —AF (AV-A)

Cut:

-ANAF —(AV -A)



100 to 63 Remaining entailments 32/ 52

Xi plus Ni plus A/ brings Ai.

X1:

“AA——A> —(AVB)

Fiddlijgf (—AA——AV(-AA—(AVB) > —(AVB)
DFI?LIJSIZ(AZ): —AN(=—-AV—(AVB)) » —(AVB)

—AAN—(—AAN(AVB)) > —(AV B)

ECQ (X1 + N2):

S AAN—Ar> B
Fiddling:
Cut (Dist) (~ANA)V(-AAB) > B
u 1S1):
—-AAN(AVB) > B



100 to 63 Remaining entailments 33/ 52

That's it!

Down to 63.
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Some interesting critters



CL is NX (= DX).
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CL is NX (= DX).

FDE is D.
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Preminimal logic (the logic of compatibility frames) is N1A1.

Dual premin (the logic of exhaustiveness frames) is N2A2.



Ockham logic (the logic of the Routley star) is NA.



D1x1 is the strongest logic here sound for minimal logic,
N2D1X1 for intuitionist.

D2X2 is the strongest logic here sound for dual minimal logic,
N1D2x2 for dual intuitionist.



D1x1 is the strongest logic here sound for minimal logic,
N2D1X1 for intuitionist.

D2X2 is the strongest logic here sound for dual minimal logic,
N1D2x2 for dual intuitionist.

Are they these logics?



Other than CL, there are two “attractive” logics among the 100:

X2D1 = XN1 = XA2D1

X1D2 = XN2 = XA1D2

Anybody recognize these?
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No X: 25 logics
X | o | N1 | A1 | N1A1 | D1
0 * * * *(Pre) *(Quas)
N2 * * * * *
A2 * * * * *
N2A2 || x(DPre) * * *(Ock) *
D2 | x(DQuas) | * * *(FDE)




X1: 17 logics
x1 | o | N1 A1 | N1A1 | D1
0 * * * * * (Min)
N2 || * * * * * (Int)
A2 * * * * *
N2A2 || A1 D1 * D1 *
D2 x2A1 (L2) | x2A1 (C) X2 (L2) x2 (C) x2 (C)
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X2: 17 logics
x2 |0 | N1 | A1 | N1A1 | D1
0 * * * A2 X1A2 (L1)
N2 * * * D2 x1A2 (C)
A2 * * * * x1 (L1)
N2A2 || % * * D2 x1 (C)
D2 |  (DMin) | * (Dint) * n x1 (C)




X: 4 logics
x |o | N1 | A1 | N1A1 | D1
0 A D1 (L1) A2 D1 (L1) A2 (L1)
N2 D2 (L2) D (C) D2 (L2) D (C) D2 (C)
A2 Al D1 (L1) * D1 (L1) * (L1)
N2A2 || D2 (L2) D (C) D2 (L2) D (C) D2 (C)
D2 | A1 (L2) D1 (C) * (L2) D1 (C) * (C)
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Consider the rules of antilogism:

Antilogisms
ANB - C AF BvC

AAN-C + =B -BF -AvC

AANBF CVvD
AAN-C + =BV D

Now how many?



Which of these critters can coexist?



Which of these critters can coexist?

How do they relate to other critters?
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